Abstract. The study of Euclidean submanifolds with finite type "classical" Gauss map was initiated by B.-Y. Chen and P. Piccinni in [11] . On the other hand, it was believed that for spherical submanifolds the concept of spherical Gauss map is more relevant than the classical one (see [20] ). Thus the purpose of this article is to initiate the study of spherical submanifolds with finite type spherical Gauss map. We obtain several fundamental results in this respect. In particular, spherical submanifolds with 1-type spherical Gauss map are classified. From which we conclude that all isoparametric hypersurfaces of S n+1 have 1-type spherical Gauss map. Among others, we also prove that Veronese surface and equilateral minimal torus are the only minimal spherical surfaces with 2-type spherical Gauss map.
Introduction
Let M n denote a Riemannian n-manifold with Laplacian operator ∆. A smooth map φ : M n → E N of M n into the Euclidean N -space is said to be of finite type if it admits a finite spectral resolution:
where c is a constant vector in E N , φ t 's are non-constant E N -valued maps such that ∆φ t = λ p t φ t with λ p 1 < λ p 2 < · · · < λ p k . Otherwise, it is said to be of infinite type. When the spectral resolution (1.1) contains exactly k non-constant terms, the map φ is called of k-type (see [6, 7, 8] 
. The study of Euclidean submanifolds with finite type classical Gauss map was initiated by the first author and Piccinni in [11] . Since then many geometers have studied such submanifolds (see, for instance, [1, 2, 3, 4, 9, 10, 12, 13, 17] ).
On the other hand, for a spherical submanifold M n in S m−1 , Obata studied in [19] the map which carries p ∈ M n to the totally geodesic n-sphere of S m−1 determined by the tangent space T p M n ; he also computed the induced metric on M n via his map. Since a totally geodesic n-sphere S n of S m−1 determines a unique linear (n + 1)-space containing the totally geodesic S n in E m , Obata's map can be extended to a mapν of M n into the Grassmannian G(n + 1, m) in a natural way, known as the spherical Gauss map. The compositionν of ν followed by the natural inclusion of G(n + 1, m) in E ( m n+1 ) is also called the spherical Gauss map.
The geometrical behavior of the classical and spherical Gauss maps are different. For instance, the classical Gauss map of every compact Euclidean submanifold is mass-symmetric; but the spherical Gauss map of a spherical compact submanifold is not mass-symmetric in general. It was believed that in the study of spherical submanifolds the spherical Gauss map is more relevant than the classical Gauss map (cf. for instance, [20] ).
The main purpose of this article is to study spherical Gauss map of spherical submanifolds in the frame work of finite type theory. The main problem is "To what extent does the type number of the spherical Gauss map determine the spherical submanifolds?"
In section 3, we provide some basic results on spherical Gauss map. As a by-product, we are able to extend a result of Lawson on minimal surfaces in spheres. In section 4, we classify spherical submanifolds with 1-type spherical Gauss map. This classification result implies that every isoparametric hypersurface of S n+1 has 1-type spherical Gauss map. In sections 5 and 6, we prove that the Veronese surface in S 4 is the only spherical minimal surface with masssymmetric 2-type spherical Gauss map and the equilateral minimal torus in S 5 is the only minimal spherical surfaces with non-mass-symmetric 2-type spherical Gauss map. The last section provides more results on spherical Gauss map of spherical minimal submanifolds.
Preliminaries
Let M n be a submanifold of a Riemannian manifoldM m , i.e., the Riemannian n-manifold M n is isometrically immersed in the Riemannian m-manifold The mean curvature vector is H = (1/n) tr h. The submanifold is called minimal (respectively, totally geodesic) if its mean curvature vector (respectively, second fundamental form) vanishes identically.
We choose a local field of orthonormal frame e 1 , . . . , e n , e n+1 , . . . , e m such that, restricted to M n , the vectors e 1 , . . . , e n are tangent to M and hence e n+1 , . . . , e m are normal to M n . We shall make use of the following convention on the ranges of indices unless mentioned otherwise: 
From these we have the following Cartan's structure equations: 
A submanifold M is called isotropic if, at each given point p ∈ M , the length |h(u, u)| is independent of the choice of the unit tangent vector u ∈ T p M . 
Some basic results on spherical Gauss map
Let S ( 
The spherical Gauss mapν :
) associated with x is thus given bỹ
The associated mapν of M n in S ( m n+1 )−1 is also called the spherical Gauss map.
Let M be a Riemannian manifold and G a closed subgroup of the group I(M ) of isometries which acts transitively on M . An immersion f of M into another Riemannian manifoldM is called G-equivariant if there exists a homomorphism ζ :
An important consequence of Theorem 2.1 is the following finiteness result. 
From (3.3) and Gauss' equation, we see that the induced metricĝ on
Since the Laplacian ofν is defined by ∆ν = − i e i e iν + ∇ ei e i ν, (3.5) we obtain from (3.3) that
By applying (3.6), (2.8) and the last equation in (2.7), we obtain (3.7)
A map between two Riemannian manifolds is called harmonic if its tension field, τ = div(dφ), vanishes identically. For an isometric immersion, the tension field and the mean curvature vector field differ only by the dimension of the submanifold.
In [21] , Ruh and Vilms proved that a Euclidean submanifold has parallel mean curvature vector if and only if its classical Gauss map is harmonic. On the other hand, for spherical Gauss map we have the following.
Proof. Statement (a) follows from (3.7) and the fact that decomposable (n+1)-vectors of the forms:
provide a basis for the tangent space of G(n + 1, m). Statement (b) is an immediate consequence of (3.7).
Lawson proved in [18] 
where K is the Gauss curvature of (M 2 , g). Since harmonicity is preserved under conformal change of metric, Proposition 3.2 implies that Obata's map ν is harmonic. Thus this immersion is a minimal immersion, since it is isometric.
Spherical submanifolds with 1-type spherical Gauss map
In this section, we completely classify spherical submanifolds with 1-type spherical Gauss map. 
where (·) j = e j (·).
On the other hand, by a direct long computation, we obtain from (3.7) that (4.2)
Case (a):Ĥ = 0. In this case, equation (4.2) reduces to
By comparing (3.3), (4.1) and (4.3), we get ||ĥ|| 
From (3.3), (4.1) and (4.4) we know that ||ĥ|| and scalar curvature are constant. Also, we have 
We see from (4.6) that the first normal space Im h is spanned by e n+1 . Therefore, by the reduction theorem of Erbarcher, we conclude that M n is contained in a totally geodesic S n+1 ⊂ S m−1 . Conversely, if M n has constant scalar curvature and it lies in a totally geodesic S n+1 ⊂ S m−1 with nonzero constant mean curvature, then (4.4) reduces to
From this we have e i (∆ν) = ||ĥ|| 2 e i (ν). Thus, ∆(ν − c) = ||ĥ|| 2ν for some nonzero vector c. Since ||ĥ|| is constant, this shows thatν is non-mass-symmetric 1-type.
Combining Theorems 4.1 and 4.3 yields the following remarkable result. 
Veronese surface and its spherical Gauss map
For a natural number k, the set of spherical harmonic polynomials of degree k of three variables is a (2k + 1)-dimensional vector space. Consider the unit sphere S 2k in the vector space with the standard inner product. We have an isometric minimal immersion: 
, then the metric tensor g and the Laplacian operator are
Let us choose
Then e 1 , e 2 , e 3 , e 4 form an orthonormal frame field. Moreover, we have (5.6)
. By applying (3.7), (5.6) and a long computation we find ∆ν = 4 3ν
Thus, if we put
x ∧ e 3 ∧ e 4 , (5.8)
we obtainν =ν 1 +ν 3 with ∆ν 1 = 2 3ν 1 , and ∆ν 3 = 4ν 3 , which implies that the spherical Gauss map is mass-symmetric and of 2-type.
Let us use the following convention on the ranges of indices:
Next, assume that x : M 2 → S m−1 is a minimal surface with mass-symmetric 2-type spherical Gauss map.We choose e n+1 , . . . , e m−1 , e m in such way that
Then A rm = −I and R r s12 = 0, (r, s) = (3, 4), (4, 3). Thus, we get from (3.7) that (5.10)
and (5.11)
where ||ĥ||
Moreover, we obtain from (2.3) and (5.12) that (5.13)
By combining (5.11), (5.12) and (5.13) and applying (2.3) of Codazzi and the minimality of M 2 in S m−1 , we obtain (5.14)
Ifν is mass-symmetric a 2-type, then we haveν =ν p +ν q with ∆ν p = λ pνp , ∆ν q = λ qνq , λ p = λ q . From this we get
Since e j ∧ e 3 ∧ e α , e j ∧ e α ∧ e 4 appear only in ∆ 2ν , and not in ∆ν or inν, it follows from (5.14) and (5.15) 
Hence, by continuity, we see that exactly one of the following two cases occurs:
Case (a): 
It follows from (5.10), (5.15) and (5.20) that U has constant curvature. Hence, a result of [16] implies that U is an open portion of the Veronese surface. So, by continuity, the whole M 2 is an open portion of the Veronese surface.
Spectral characterization of equilateral minimal torus
Consider the mapȳ :
However, the metric tensor on
instead. 
Put c = , e 2 , e 3 , . . . , e m as in the proof of Theorem 5.1 and use the same convention on the range of indices, we obtain (5.9), (5.11) and (5.14).
From (3.3) and (5.10), (5.14), and a very long computation, we obtain (6.7) 
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We see from (6.10) that e 1 ∧ e 2 ∧ e 3 appears in e k (∆ 2ν ), not in e k (∆ν) or in e kν . Thus, (6.9) and (6.10) imply that ||ĥ|| is constant. So, according to Theorem 4.1,ν is mass-symmetric 1-type which is a contradiction. Since M 2 is analytic, those imply We see from (6.7) and (6.8) that e 1 ∧ e 2 ∧ e α appears in e k (∆ 2ν ), not in e k (∆ν) or in e kν . Thus, (6.8) and (6.9) yield (6.13)
In view of (6.11), we find from (6.13) that On the other hand, we see from (6.7) and (6.8) that e 3 ∧ e 4 ∧ e α appears only in e k (∆ 2ν ), not in e k (∆ν) or in e kν . Thus, (6.8) and (6.9) give We see from (6.7) and (6.8) that e j ∧ e 5 ∧ e 6 appears in e k (∆ 2ν ), not in e k (∆ν) or in e kν = 0. Thus, we obtain from (6.8), (6.9), (6.11) and (6.21) that Since the first normal bundle, Imĥ, is spanned by e 3 , e 4 on U , (6.26) implies that the first normal bundle is a parallel subbundle of the normal bundle. Hence, the reduction theorem of Erbarcher implies that M 2 lies in a totally geodesic S 4 ⊂ S m−1 . So, without loss of generality, we may assume that m = 5. Now, by comparing the coefficients of e 1 ∧ e 2 ∧ e 3 and of e 1 ∧ e 2 ∧ e 4 , we obtain from (6.7), (6.8) and (6.9) that After solving this system we obtain K 
Now, by comparing the coefficients of e k ∧ e 3 ∧ e 4 in (6.27), we obtain from (6.9) and (6.27) that 4||ĥ|| 2 = λ p + λ q − 2, which is constant. Hence, M 2 has constant Gauss curvature. Hence, M
2 is an open piece of Veronese surface according to a result of Kenmotsu [16] . This contradicts to Theorem 5.1.
Case (ii): h 4 11 = 0. We obtain from (6.14), (6.15), (6.19) and ( 
By considering e 1 ∧ e 2 ∧ e r , we obtain from (6.7), (6.8), (6.9) and (6.30) that
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Combining this with (6.30) gives K
12 are constant. So, it follows from the last equation in (6.30) that the Gauss curvature of M 2 is also constant. Thus, we have K ≥ 0 (cf. [15] ). From these, we find
h(e 1 , e 1 ) = ce 3 , h(e 1 , e 2 ) = ce 4 , h(e 2 , e 2 ) = −ce 3 , (6.32) for a nonzero constant c. By applying (6.32) and the equation of Codazzi, we find
By differentiating (6.33) and applying (6.30) and structure equations, we have
Hence, after using (6.34) and the constancy of K (or equivalently ||ĥ||) and K D , we know that (6.7) and (6.8) reduce to (6.35) 
Now, by considering e 1 ∧ e 3 ∧ e 6 , e 2 ∧ e 3 ∧ e 6 , e 1 ∧ e 4 ∧ e 6 , and e 2 ∧ e 4 ∧ e 6 respectively, we obtain from (6.37) and (6.38) that e 2 (ω x ∧ e 2 ∧ e r ),
Now, by considering the coefficients of x ∧ e 1 ∧ e 3 , we obtain from (4.2) and (6.47) that 4||ĥ||
Combining this with (6.36) yields
Case (i): K > 0. In this case, a result of Wallach [22] implies that there exists an integer k ≥ 2 such that M
2 is an open part of the k-th standard immersion On the other hand, the equation of Gauss gives
. Substituting (6.50) into (6.48) yields
By comparing (6.49) and (6.51) we find 
Since K = 0, there exists an integer ≥ 2 such that M 2 is an open portion of a flat minimal torus T 2 of a totally geodesic S 2 −1 ⊂ S m (see, [14] ). Also, we see from Theorem 4.1 that ≥ 3. We many assume that the T 2 is E 2 /Λ, where Λ is the lattice in E 2 defined by (6.54) Λ = 2n 1 πu, 2n 2 πv + 2hπw : n 1 , n 2 ∈ Z for real numbers u, v, w with u, v > 0. It is known that the dual lattice of Λ is 
Put L = {1, 2, . . . , } with ≥ 3. Since T 2 is a minimal surface of S 2 −1 , we have ∆x = 2x. We may assume that x :
∂x/∂s and ∂x/∂t are orthonormal vector fields on T 2 . Since x is isometric, (6.59) gives
It follows from the definition ofν, (6.58), (6.59), and properties of ∧ that each coordinate function ofν in E ( m 3 ) is a multiple of one of the following functions:
Since we have a spectral resolution:ν = c +ν 1 +ν 2 with ∆ν 1 = 2ν 1 , ∆ν 2 = 8ν 2 , and 0 = c ∈ E ( m 3 ) , the above observation gives the conditions: Similarly, using γ 12 = γ 23 = −1 and γ 13 = γ 23 = −1 we obtain γ 14 + γ 34 ∈ {−2, 2} and γ 24 + γ 34 ∈ {−2, 2}, respectively. Thus, we know that γ 14 + γ 24 , γ 14 + γ 34 and γ 24 + γ 34 belong to {−2, 2}. After solving this system under the two side conditions: (6.63) and (6.64), we obtain either γ 14 Thus, (7.3) and (7.4) yield K D = 0, i.e., the normal connection of x is flat. Therefore, we obtain condition (1).
The next result provides a general property of the spherical Gauss map for spherical minimal surfaces. This proves the proposition.
